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A technique of determining the t ime of a r t i f ic ia l  f reezing of soil in the p resence  of non- 
s ta t ionary  t empe ra tu r e  f ields in the zones of f reezing and cooling is d iscussed.  

Two zones a re  fo rmed in a r t i f ic ia l  f reez ing  of soil around a hole: 

1) an ice zone I with var iable  outer sur face ,  on which the soil t empe ra tu r e  is equal to 0~ 

2) a zone of cooled soil II, outside which the t rue t empe ra tu r e  of the soil is observed  within the a c -  
curacy of the m e a s u r e m e n t s  (=~2~ The t empera tu re  fields in these zones a re  formed p r ac t i -  
cally by heat  conduction. 

Assuming zones I and II to be the rmal ly  isotropic ,  neglecting the effect  of var ia t ion of l ayer  p r e s s u r e  
on the t e m p e r a t u r e  var ia t ion,  and taking the thermophys ica l  p a r a m e t e r s  of the cooling agent  and the soil to 
be constant,  we have constructed the t empe ra tu r e  fields [1] in these zones f rom the solution of the equa-  
tions 

Ot h(r, " 0 _  a~ 0 lr  Oth(r' "~)), k = l ,  2, "~>0, 
O~ r Or \ Or _ (1) 
R l < r < ~  for k = l ,  ~ < r < R , .  for k = 2 ,  

with the initial condition 

t~(r, 0)=to,  k = l ,  2 
(2) 

and the boundary conditions 

t~ (RI "0 = t c ,  tk (~, "0 = 0, t .  (R~, "0 = to, (3)  

�9 > 0 ,  k = l ,  2. 

If  we introduce the nondimensional radius  m = r /R  l, the p rob lem (1)-(3) reduces  to the solution of the 
equations 

dtk (m, x) ak . ~  [ m Otk (m, ~) ] ,  k = l, 2, ~c > O, 
dr m Om [ Om ] (4) 

l < m < m ~  for k = l ,  m~<m<m~m.~ for k = 2 ,  

wtth the initial condition 

and the boundary conditions 

whe re 

th (m, O ) = t  o , k = l ,  2 (5) 

t t (1, x ) =  tc, tn (ml, ~ ) =  0, t 2 (ml, m2, x ) =  to, 

x > 0 ,  k = l ,  2, 

. R2 m 1 ~- ~ ' m2 = 

(6)  
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TABLE 1. T h e r m o p h y s i c a l  C h a r a c t e r i s t i c s  of  Soils 

Soil 

Sand 
Clay . 
AI1uviat 

rocks 

W, % kJ/kg~ 

23 80 

22 80 

~Xi.1.163 -1, Xz-l.163 "1 
W/m- deg W/m.deg 

2.7 [ 2 
1,6 i ,32 

2,34 1,7 
1 

Ps 
kg/m 3 

I0 3 
i0 a 

lOa 

a l ,  
m ~  

0,0045 
0,00234 

0,00362 

q2, 
rn~/h 

0,003 
0,00165 

0,00357 

{ 
I 

0 

~ 6  
-lO 

[ ~  -4. i 
- s  1 

-20 

-30 
(201.51.82 3 O 

Fig. I. Temperaturedistri- 

bution (~ for a11uvia1 sedi- 

ments for t 0= 10~ 1) for 

rn 1 = 1.6 and t c = - 3 0 ~  2) 
m ~ = 2 a n d t c = - 3 0 ~  3) m 1 
= 1.6 a n d t c  = - 2 0 ~  4) m 1 
= 2 . 0  and t c = - 2 0 ~  5) m 1 
= 1 . 6  and t c = - l O ~  6) m 1 
= 2.0 and t c = - I O ~  

For  the solution of the p rob l em (4)-(6) we use the method of so lu -  
tion of the p rob l em (1)-(3) d e s c r i b e d  in [1]. 

As  a r e s u l t  the t e m p e r a t u r e  f ields in zones  I and II fo r  the case of 
nondimens iona l  rad ius  m a r e  given by the f o r m u l a s  

m 
tcln - -  

ti (m, ~) = m' 
lnm~ 

' 

n=, x .D  (x~, mi) {I J~ (mxn) Yo (mix,,) 

--'1o (rnix~) Yo (rex,)] (t o - -  tc) - -  t o []o (mx,J Yo (x,J 
2 - -  ]o (x,~) Y0 (taxi)I} exp (--  alx~ % 

IT/ 
l n - -  

/7/l  
t 2(m, ~ ) = t  o lnm 2 

r 

-- 2to ~ Y~Dl (Y,, m2) 

(7) 

\ m~ ] " j '  

where  x n and Yn a r e  the roo t s  of the c h a r a c t e r i s t i c  equat ions  

Jo (x) Yo (rn,x) - -  Jo (max) Yo (x) -~ 0; 

Jo (g) Vo (m2g) - -  Jo (mzy) Y0 (g) = 0; 

D (x~, rni) = miC (x~, m,) - -  A (x,, rnO; 

D1 (y~, m2) = m2A (y~, m2) - -  C (y~, too); 

C (x~, mO = 11 (m.x.) Yo (x~) - -  10 (x~) Y~ (rn~xT,); 

A (x~, m,) = l~ (x,~) go (mlx~) - -  Jo (mlx;O Y~ (x,); 

Jl and  Y1 a r e  Bes se l  funct ions of the f i r s t  and second  kind and of o r d e r  l (l = 0, 1). 

F r o m  f o r m u l a s  (7) and (8), and the data of Table 1, we de t e rmine  the t e m p e r a t u r e s  in zones I and II 
for  sand,  clay,  and a l luvia l  rocks .  

The r e s u l t s  of the computa t ions  a r e  given in Table 2 and Fig. 1. 

In the cons t ruc t ion  of  the t e m p e r a t u r e  fields in zones I and II for  a hole of rad ius  R 1 the quant i ty  ak 
(k = 1, 2) in f o r m u l a s  (7) and (8) mus t  be r ep laced  by ak /R~ .  

The p r o b l e m  of de t e rmin ing  the f r e e z i n g  t ime of soil ~- has  been so far  solved only for  the ease  of a 
homogeneous  s t a t i ona ry  t e m p e r a t u r e  field. We solve this p rob l em for  the ease of nons t a t i ona ry  t e m p e r a -  
tu re  f ields (7) and (8) in zones I and II. Such an app roach  toward  the de te rmina t ion  of z r e q u i r e s  e x t r e m e l y  
compl ica ted  m a t h e m a t i c a l  ope ra t ions  and l abor ious  computa t ions .  T h e r e f o r e  we p ropose  the method of 
concen t r i c  i s o t h e r m s  for  the solut ion of  this  p r o b l e m .  The e s s e n c e  of the method is the following. Solving 
the equat ion 

[ Oil(re' "~) ;%00t2(m' ~ ) ]  : W~p dm~(~) 
~ Om - Om J . . . .  d~ ' (9) k 
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T A B L E  2. V a r i a t i o n  of T e m p e r a t u r e s  in Z o n e s  I and  II fo r  t o 

an d  t c = - 2 0 ~  

Soil m rn~=l,6 rn m~:2 

I 
II 

Ill 
I 

II 
Ill 

I 
II 

Ill 
I 

II 
Ill 

I 
II 

Ill 
I 

II 
Ill 

I 
I I  

Ill 
I 

II 
Ill 

I 
II 

Ill 
I 

II 
Ill 

I 
II 

Ill 
I 

II 
Ill 

--15,8 
1,1 --15,9 

--15,9 
--12,2 

1,2 --12,2 
--12,2 
--8,8 

1,3 - - 8 , 8  
--8,8 
--5,67 

1,4 --5,67 
--5,67 
--2,4 

1,5 - - 2 , 4  
--2,4 

~-10,98 
3,2 -~11,0 

-~10,45 
-[-14,75 

4,8 -{-14,75 
-{-14,55 
~15,13 

6,4 ~15,12 
15,21 

Note: I) Sand; 11) clay; III) alluvial sediments. 

1,1 

1,2 

1,3 

1,4 

1,5 

1,6 

1,7 

1,8 

1,9 

4 

6 

8 

= 20~ 

--17,3 
--17,3 
--17,3 
--14,7 
--14,7 
-7-14,7 
--12,4 
--12,4 
--12,4 
--10,3 
--10,3 
--I0,3 

--8,3 
--8,3 
--8,3 

--6,4 
--6,4 
--6,4 

--4,7 
--4,7 
--4,7 

--3 
--3 
~3 

--1,5 
--1,5 
--I ,5 

-{-12,58 
-~11,54 
-]-11,98 
~16,61 
~15,97 
§ 
~19,71 
~19,31 
~-19,51 

we o b t a i n  a f o r m u l a  fo r  d e t e r m i u i n g  the f r e e z i n g  t i m e  of s o i l  fo r  

1 +-~o<ml.<l ~k~-_.____II 
10 ' 

k - - 0 ,  l, 2, 3, 4, 5, 6, 7 , 8 ,  9. 

D i f f e r e n t i a t i n g  f o r m u l a s  (7} a n d  (8) wi th  r e s p e c t  to m we f ind the  t e m p e r a t u r e  g r a d i e n t s  iu zones  I 
and  II fo r  m = mi :  

at1 (tnlT) t c 
am mi In ml ~- 2 ~ E 1 (x~, ml, tc. 0) exp ( - -  aix~  ~), 

at,.  ( rnl~)  = to 2t ~ ,~,~, 2 

. rn~ = L \ rnl ] ] 

(I0) 

where  

E 1 (x., mi, /c, 0) • ( t c -  t~ B (x., m 0 -b toC ( x . ,  m 0 . 
' D (x., ml) ' 

1 
E~ (y. ,  ms) = C (V,~, ms) ' 

A (Vn, trt2) 

B (X., rnl) = l~ (mzXn) Yo (rnixn) - -  Jo (mlXn) Y1 (mix.). 

M a k i n g  u s e  of e q u a t i o n  (10), and  u s i n g  e q u a t i o n  (9) we f ind the  r a t e  of f r e e z i n g  of the so i l  f r o m  the 
foi l  owing:  
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"r 

000 ~ f  

600 

/,z /.o t,e t,8 m: 

F i g .  2. V a r i a t i o n  of  f r e e z i n g  t i m e  (tl) of  
a l l u v i a l  s e d i m e n t s  a s  a func t ion  of  m~ f o r  
d i f f e r e n t v a l u e s  o f t 0 a n d t e :  1) t e = - 1 0 ~  
t 0 = 1 0 ~  2) t e = - 1 0 ~  t 0 = 2 0 ~  3) to 
= - 2 0 ~  t 0 = 2 0 ~  4) t e = - 2 0 ~  to 
= 2 0 ~  5) t e = - 3 0 ~  t 0 =  IO~ 6) tc  
= - 3 0 ~  t 0 = 2 0 ~  7) t e =  -30~ t o 
= 10~ 

dm~ ('0 
d'c 2 A(ml, m2)+2mli~ 1 El(x ~, m,, tc, o)exp(--a~x]z ) 

n ~ l  

__2t0~2 __~E2(gn,  m 2 ) e x p f _  b, 2 

w h e r e  

A (mi, m2)= tcX, + toil 
In mt In mz ; ~ = Wp~, 

On the b a s i s  of  e x p e r i m e n t s  Kh.  R.  K h a k t m o v  [2] h a s  
a s s u m e d  t h a t  4 .5  ~ m 2 -< 5. In v i ew  of  t h i s  t a k i n g  m 2 = 5 
we r e w r i t e  Eq .  (11) in the  f o r m  

d'c ~ (12) 
dmt S (m 1, tc. o, aLO 

w h e r e  

i {A(m 0 S (m 1, re.o, a,,~) = -m- T 

- -  ( - .  a~x:) + 2toX 2 E 2 exp - -  a :  ; 2 m l ~ X E l ( x , .  m l, tc.o)eX p ~ Y" (13) 
~=J ~=1 \ ml / J J 

A (ma) = [A (m~, m2)]m,= 5 ; 

E 2 = [E 2 (Y~, m2)l,n,=5. 

We s o l v e  E(~. (12) by  the m e t h o d  of  p o w e r  s e r i e s ,  i . e . ,  in s o m e  n e i g h b o r h o o d  of  e a c h  f i x e d  v a l u e  m~ 
= m l ,  0 we s h a l l  s e e k  the s o l u t i o n  of  t h i s  e q u a t i o n  in the  f o r m  

xck~ (mj,o) (Am1) ~, (14) x (m0 = ~o + k! 

w h e r e  

"co = "c(ml,o); Am1 = ml - -mLo.  

The  i n v e s t i g a t e d  m e t h o d  of  c o n c e n t r i c  i s o t h e r m s  d e p e n d s  on the r a p i d  c o n v e r g e n c e  of  s e r i e s  (14). 

R e s t r i c t i n g  s e r i e s  (14) to the  f i r s t  t h r e e  t e r m s  we o b t a i n  the  f o l l o w i n g  f o r m u l a  to  d e t e r m i n e  the 
f r e e z i n g  t i m e  of  the  s o i l  f o r  m = m l :  

{ 2[( Z0 . - -  2 .  2 
�9 (mx) = To--ZoAtn t @ - ~ t s t n l )  A1--2E1 alxn,oZo 

2 @ 2alx~,o % m,, o + i 11__] E~O) 
in1. o - -  1 (ml. o - -  1) D. x~,, o Po - -  mL ~ ] 

x~. o to Po exp (-- alx~. o "co) + ~ (2% -i- ma.o Zo) --  i E 2 exp ~ ao Y~ "co , 
+ (nh, o -  I ) D  O m,. o ~=1 L mi,o " 

w h e r e  

Z 0 - -  ; So=S(mLo;  t~.o; a, .0;  E~ ~ = E ~ ( x , . o ;  m,.o; tc.o); 
So 

D O = D (x.. o, ml,o); Po = P (x., o; ml,o); 

A1 tc~ 1 (1 + ln tnl,o) to)~ ~ -- 
(ml. o In ml,o) ~ m~,o In 5 

Xn, 0 a r e  the  r o o t s  of  the  e q u a t i o n  

P (x=, rnl) = J. (mlx,~) Y1 (x,~) - -  ,I 1 (x~) Y1 (rnlx~); 

(15) 

Jo (x) Yo (m~.o; x) - -  fro (ml,o; x) Yo (x) = 0. 
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TABLE 3. F r e e z i n g  Time of Soil in Hours  as  a Function of m 1 

tat  ~'o--zohta~ A B ~ (m, )  

1,1 
1,2 
1,4 
1,5 
1,6 
1,7 
1,8 
1,9 

0,049 
1,14 
3,6 
5,596 
8,682 

12,563 
17,297 
22,856 

0,527 
0,237 
0,131 
0,156 
0,226 
0,280 
0,3035 
0,320 

--2.10-~ 
__I0-4 
__lO-a 
--0,002 
--0,004 
--0,006 
--0,0075 
--0,009 

0.576 
1,37 
3,73 
5,75 
8,904 

12,837 
17,593 
23,187 

gOO _ ~  

/ /,e 0 /,e ,/o m~ 

Fig. 3. Var ia t ion  of f r eez ing  t ime (h) of 
d i f fe ren t  soils  as  a function of m 1 for  
t o = 20~ and t c = - 2 0 ~  15 clay; 2) sand; 

3) a l luv ia l  s e d i m e n t s .  

The e r r o r  e due to d i sca rd ing  of the four th  and h igher  
t e r m s  in s e r i e s  (14) is e s t ima ted  as  

I ~  ~(h)(m"~ I 
e -- k! 

/~=3 

-~ I "c~h) (ml.o) let I M k=3 k=a lOkk! 

M '~-~ 1 M 
< ~ =  40 h -- 39.10 ~ 

0,00026M, 

s ince (Aml) k < 10 -k ,  and k! > 4 k for  k >- 3; he re  

] d ~ x ( m ~ , o ) d k  ( [~ ) . 
/14 .~ drr/~ ~- dtrt-~l S (ml,o, tc. 0, al,2) 

Hence by vir tue  of the r e l a t ive ly  smal l  r a t e  of var ia t ion  of the de r iva t ives  the e r r o r  e will  be quite smal l  
and will  have p r a c t i c a l l y  no effect  on the r e s u l t s  of computa t ion of  ~-. 

In p r ac t i ce  fo rmula  (15) can be r e s t r i c t e d  to the f i r s t  two t e r m s  of the s e r i e s  contained in it, s ince 
due to the p r e s e n c e  of the exponent ia l  t e r m s  exp (-alx2n~) and exp [ -  (yn/ml)2a2~] all  the t e r m s  of s e r i e s  (14) 
with the except ion of the f i r s t  two a r e  c lose to ze ro .  

For  m = 1 the t e m p e r a t u r e  t c ge ts  es tab l i shed  suddenly at  the initial instant.  In view of this the ra te  
of  f r eez ing  of the soil  a t  this instant  will  be infinitely l a rge  (this fact  is a l so  r e f l ec ted  by Eq. (9)5. T h e r e -  
fo re ,  in the de te rmina t ion  of ~- for  1.001 < m -< 1.01 we a s s u m e  that  in the f i r s t  t e r m  of (15) ~-(1.001) = 0. 
In view of the s m a l l n e s s  of R /1000  (for example ,  for  R 1 = 107 mm this ra t io  is 0.107 mm) the e r r o r  due to 
this a s sumpt ion  will  not affect  p r a c t i c a l  computa t ions .  

It follows f r o m  fo rmula  (15) that  the inc rease  of the f r eez ing  t ime of the soil 

A~o = �9 (ml)  - ~ (ml , . )  

is d i r ec t l y  propor t iorml  to/~ = po-W. But ~r and p a r e  p r a c t i c a l l y  constant  quant i t ies :  ~ = 335 k J / k g  and p 
= 1000 k g / m  3. Hence AT 0 will  be d i r ec t l y  p ropor t i ona l  to the moi s tu re  content  of the soil  W. T h e r e f o r e  it 
is suff ic ient  to calculate  "r f r o m  fo rmula  (155 for  a given value of W, and fo r  the r emain ing  admis s ib l e  values  
of W this r e s u l t  can be extended acco rd ing  to the ru le  of d i r ec t  p ropor t iona l i ty  of the quant i t ies  AT 0 and W. 

As an examplewe  ea leu la t ed the  f r eez ing  t ime of soil  f r o m  the following data:  t o = +10~ tc = - 4 0 ~  
7~ l =  1 . 7 4 W / m . d e g ,  X 2= 1 . 2 8 W / m . d e g ,  a 1= 10 -3 m2/h ,  a 2 = 1 0  -3 m2/h,  W =  10%, or= 3 3 5 k J / k g ,  p = 1000 
k g / m  3. The r e s u l t s  of the computa t ion a re  given in Table  3. Here 

A = z--.L-~ hm~ A 1 -- 2L1 alx,~,o zo 
2~ ,~=~ 

+ 2a~x~,o% m~.o+ 1 1 .E~O) x~'~176176 exp(--a~x~ o%) , 
mx, o - -  1 (ml, o 1)Do x ~ ' ~ 1 7 6  q- !) ' - -  tnl, o ( m L o - -  Do 

B =  z2 t~ Am~ l a~Y~(25~---mL~ E~exp --a~ - -  % �9 
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Analyzing the resul ts  of computation of 7 we ar r ive  at the following conclusions: 

a) if in formula (15) we discard  the te rms  

tnl,0• {(tn,,o)~,.. o + m l , o Z o ) -  1 E2ex p - - a  2 , 
n=l  \ F/"/I,0. / J 

then the e r r o r  of the computation will be less than 0.04% of the general  result .  Therefore ,  in 
pract ical  computations of the f reezing time the following formula can be used: 

2 

(m~) = ~o - -  zoAm~ + zo (Am~)2 A~ - -  2 ~  alzox~, o 
2[~ ,,=z 

4- 2alxn. o "~o _ ml,o 4- 1 1 E~o~ to Po 
m L ~  1 (mLo_l )D  ~ x~ o P o - - - -  -1  4- x~'~ exp(--alx~,o,~o) ," (16) 

�9 m l . 0  ( tnx ,  0 - -  1)  D o 

b) for a less accurate  determination of ~- one can use the formula 

(ml,o) = t o - -  zoAml; 

the e r r o r  admitted here will be less than 5% of the resul t  of computation from formula (15). 

The resul ts  of computation of 7 f rom formula (15) for soils indicated in Table 1 are  presented in Figs.  
2 and3 .  

In the determination of the freezing time of soil around a hole of radius R 1 in formula (15) z 0 must be 
replaced by z~q~ and ak (k = 1, 2) by a k / R ~ .  

From the resul ts  of the computation we conclude that: 

1) the effect of the type of rock on the freezing time of soil i s l a r g e r  the grea ter  the depth of freezing; 

2) with the decrease  of the temperature  of the cooling agent the cooling time of the soil also de- 
creases ;  

3) in the presence  of variations of humidity of the soll the data of Fig. 3 can be used with a c o r r e -  
sponding displacement  of the time line, since it follows from formula (15) that with the increase 
of the moisture of the soil by a factor  of k the growth of the freezing time of the soil also increases  
by a factor of k. 

R 1 

R2 
to 
tc 
a~ and a 2 
)~1 and ~'2 
W 
O" 

N O T A T I O N  

is the radius of the hole; 
is the radius of the boundary between zones I and II; 
is the outer radius of zone II; 
is the true temperature  of the soil; 
is the temperature  of the cooling agent; 
are coefficients of thermal  diffusivity in zones I and II; 
are coefficients of thermal  conductivity in zones I and II; 
is the moisture content of the soil; 
is the latent heat of crystal l izat ion of water; 
is the density of the soil. 

1 .  

2. 
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